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Statements and notations ° -

—# _proposttion ovstatement is a declavad've
Sentence that s enhey tue or +alse bt not both,

—Fox instance, Jhe fo/low:"ng ave pYoposions:;

u 1
Faxis 15 in fvance " [Aue),
"doondon 75 fn Denmavk” (false),

Yo ayn (hue), "4 =3 [false)”,
—However }he -JfoHow?na ove not onpos?#'onsg

"What Ts gour name " (4h?s Ps a gueston),
“0’0 LY homewoﬂ(," [«-Hn?s .?S a command),
*dhis " Sentence s false " (nefther +yue nov Hfalse),

")( % an even numbev" (1t depends on phat
Yepvesents ),
" Socvotes' (H s ot even a sentence),
~TThe Hvuth o falsehood of a proposition % colled
M8 uth value,

‘ 9
(onnectives,

| onnectives ove used fov maﬂa?n? compoend
'?YOPO‘S?‘HOHS, The mofn 0NPS are Jhe 7(0”0w1~,-?
(pomd g, Yepresent a?ven pYopositions),

L]
/'/ \ ~
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O

r,__\l__c[me _eerwsemLed l Meani’n?
Megaion | P ]  naRY
tonjuncton | PN "poomnd g
Disjunction | Pva | " Povg (of both)
Tvlusiveoy | P@®Y "eithey povg,, but ot both)
Troplfcaton | P9 | "M ptheng
:_B:'cond?ﬁ'onal ' p<vg "p if omd only 55 q;n

Tvudh Tables «—
CZJO&FCC‘[ ?o/t’m’?ov[? R A

logical Sderdtty ts an operation on one |egical value,
P?CG// “he value 075 o] PYOPOQ?H’OD zl/)a./_
oduc&j a valie of tue if s opevand 1S U e
1/ s opevand Ps tue and avalue of Sfals e
M ihs false

The Hue fable fox +he [anffa/ }’dm#%’y opevatoy
Is as Sollows:

U doalal Tdendity |
PP
T T

',oa?fa/ ﬂEaClﬁBOfll
ona?co) naacrﬁoﬂ s an  opevation on Hhe -logial vale,
- pumﬂa the volue of o proposttion thal pvddutesa
'\(Cllu? o—f frue ?—f s Ope\romd s fake and a va/ueo}

falst (TS opexand 18 Aue .

Wniik-4 -P5—22/23



The uth table Hor NoT o (0ls0 wyithen ag —p oy
| 15 06 follows:

t oﬂ ‘ol N eqation

P oP
T e
= T

fo’navaL opevertions
TFeuth able Fov all bf’navzﬁ [08?(‘0/ opevatlovs

Heve ' a Huth -table ?V?nﬁ? definifions ofal
of the possible tuth funchons 3 b?na\r(«j vayiables
(P.6 ave Hhus boulean variobles),

clolo (l2la ulse 3¢ lalol i 2l us]
TheFeerefertrT TTTr
TlIFlelclelf TIET T Flelc (€ TITIT 1
FTFATTFHFETTFIET TIFFETT]
FEFTETFTFETFTET

lAud O, falee, contradichon

|, NOR, Loaf’calNOQ

21 (ONveree nonimplication

8 9p. Neaaﬁoo

Y, Mqi-pv'.c;) NON ?mPI?K’O'HOf)
5, —9. Negaton

6r XOR , £xrlusve o’rbj'uncﬁor)
3 NAND, logeq] NAND

g AND, loa?oal coNjuNchon

Ly
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QXN 1 f oma onla f loaf’raﬂ brcondrond

1o 9 pTsz"C')‘?OOI) funeon

i [then |, logiead implication

2. P pvgection function

Bihen/it, corvevse implication

1 0R, Logieal dli%junction

:”5_r+we, Tauh))og?‘

-({;,cﬁ?paﬂ conjunchon
logfeal onjunction Ls an operation on +wo (oaf’(o/ Value

:Mp?roﬂéf the values of +wo propositions ,that procluces
vartue of Fvue B both of s opexands ave +yp

- TThe truth -fable for p ANDY (akd writen an phg ¢
pAg 1 OF P-9) is as Tollows:

loa?caJ conjunction

P Y Png,
T T T
T £ I
| - T P
= = =

In oWinavy languoge “+evymns . 1+ both pcmdc}
tve tue, dhen the tonjuncion pna. T8 tue . forall
fﬁh?‘ asgﬁﬂmé’ﬂ’%()f fo(c]?ca/ value +to p and 7‘8)7
Hhe cOnunttion png fs flse,

T am also be eald dhat M pidhe png s g,
Othexwise eng isp,

a1 - —04/23



foa?caf dsjunchon ;-
:loﬂ?ra} disfuncton s an operation on koo loaf’mﬂvabas
p,om,})a dhe value of +wo propesHions , 1hat pProdutes a
v valueY of ue 1 of Jeast one 8f A8 gpeiandls B e,
The uth able fox P org (also wrHen as Ve,
E ”7’ ' Ovpt9) s 08 —follpwos?,
loa?caﬁ Disfuncho
P . PV,
1
1
c

D94 4

T
ra
T
- —
g oa?cal troplicerdron §-
loﬂ?rqﬂ fpleetion amd he matericl condfHonal ate both

assocfarted woith an operation on 4wo logfead wlues,
-h(ﬁﬁall +he values of Hwo PYOPOSIOTLIOO”S . thert produces

o wlue of falee just in Hhe G?Zﬁu’w case the fivst |
opevand Ps yue and —the seaond opevand P8 talse .-lhe

+uth -able assoclated whth -he raterial conditiona)
‘:,; p%he.n q, (ymbolized a8 P~ ad he Ioaf’ml
Amplication p tmplies g (‘Sam bolized a8 Pyq)as follows
| foa real  tmplection

i% P29

-
a
-

Te B 4 4 =
P~ n



ﬂora?ral eo|uC 'f%a 5 6

| (Loﬁ?pal equality is om opevetipn on Two /oaf’mu(
values, -}vdp?oalkd the values of 4o Propesihions .thert
‘produtes @ value of Hue H both opevands ave Hfolse
oy both opevands ave tue dable -fox P XNOR 7/0/30
wirHen Q8 pérg 1P=9 10v P=9 )5 as follpwe,

It:gf’caﬂ Pq,ua/{%ﬁ

7 9 P=q,

T T T

T - £
— T £
= - T

exclusive dfsjunction » -

i?xdus?v‘e d?soun(*#oﬂ 5 am opE’YO!‘)LIUOD on 7’wo
;l P values, -hdp?caJ% the volues of +wo F'ropos?v’v"on, |
that p‘foduwe o value of tue rfone bt not both
of 8 Opevanch s true, The tuth toble for pxorg,
g(aleo wyriten am p@c}, 0~fp.+.7) 8 Qs follocos /

elusive  Disfunction

P 9, PB4
T T P
T ~ T
= T T
F o ~

L\'“‘-'%‘j_—(}‘j] —GLAR
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| €3
The logical NAND i a operafion on o logirad
values 'y pfally Hhe values of Hwo propasiions - Jhat

povlues @ vake of fale Hf both of Hs opevordeare
“tvue. In other words. it produrs a value of tue ifat
least one of HS operands i Hfolse. The tuth-+able fov
p NANDG [also (oviten a s P'I\ci o p)c;) 1S as fllpws

lna?caﬁ NAND
P 9 PPy
T T =
T - q
3 T T |
= £ P |

T Ts -Frec;uenﬁy vseful o express a /fﬁffaf opevarHon |
as o mpound opevadion, that fs am opevation 1hat i's
butt bp 0F ©OMpoGed from other opevations. Many such
1MPOsHioNs ave possible, depend?na on +the opextytons
Jhert ave daken as basic ov “pnm?h"ve" ond the
opevations hat ave +aken as ompostte or ‘devivative'
Tn Jhe cost of loa’f’ccd NAND- T g deavly expyessible as
Fal (‘Of‘nPCUDd O‘F ANOT and AND. 7})93 n "on oL a
conjunction: > (Png), and the disjunction of negations
(~=P)v (=9 tem be +abulated asd Hollows

P4 PN (Png) oP 39 HpIVEH)

T T T ~ = B s
T & F T o~ T 7
F T £ T T e T
~ ~ T - - i

tonik-1 -Pg ‘—C.'%/g_g
{



‘ Loa?cqj NOR Wg}
The loa?caﬁ NOR £6 am gpevation on +weé ZO@MZ vally ,

#p?raﬂi& Hhe volues of s propostions, that produces.a
vilue of +yue i both of M5 opevands ave -foke . In

other wovds, H produces o value of false ¥ ot least ane

of ™6 operands js Hue 5 also known a6 he pervc
atbow affer S inventor (hartles sandevs peivee, ard faq
wle suftltient opevatoy -

he hue fablé fov P NoR 9, (also weHen o P9y ov
plg) ts asfallows:

ioa?fcu NoR
2 Y Ptq
T T =
— = £
E T £
= = T

The naaff?'on of o digjunefion —=(Pvg). ond Hhe conyurchon
o Neqaions (PN 4,3 can be “abulated as Hyjhs.

iP % Pvg  =(vg)  op =9, £>P>”f‘:c;)

I F & F ~
iT & S - - T ~
?r:‘T T = T ~ Ve
~ £~ T T - -

Togpertion of +he —abulay decivatfons ~Fov NAND
and  NoR, ondev eath ossignment of kgfead values o
the  funchonal avguments panay . produces Hhe idepticad
Putteen 0)( fundionad values For (PG ay fox
&PV (>q). aml for =tevgyay for (op)n 159 ).

Lbnib-1.-Y5-C ?/13



! The tuh value of a compound PYooskion depends
%onmd on ~the value of components, wTHma £t Uglger

and T f—m ﬁuto /W (a0 SUMmITY 3 the menihg

P cl( > pf\q( pVG’( F@?{ Pﬁcl ‘oé——)?

T T £ 7T T £ e ‘i
T £ ~— T T I E
~ T T F T T = ~
F T FF £~ =~ 7 T

| Note -that v fepYesents a Non - exclugive oy i, B
P Ve 1S Hue when aﬂg oﬁp,c}ﬁsﬁue and alsp
‘when  both ave tue , on Fhe ovther hand @ Yepyents

| 9 P o
om cxclusive oy- e, | P®q 79 tue on% when exaﬁhy
ontof pamdg fs e . |

Well formed fevmulas

| Not all vt e Y?.’PTCSBFTF prpﬂs?HODs of the.
pedfeate | P dhaoe cohich produces proposition when
'—Fhe?\f syrobols ove interpeeted must Solbw the yules
awen below, and +hy are called wf+s (well - ~formed
Hornulas) of The first OYder predicote 03

yuly for consﬁucﬁna WS,

4 predicate name follocwed bg q [t of voxiable suth
06 Plxy) wheve P ?%pfed})fd*e name , arod Xcmd& Crve
vorrtoHes, 18 alled om  crtomge fosmules .

Uik -4 - - ch/as
/



(pdn oo’ fosroula o a whf,

(2) I+ 5o wff.4hen FA Ts also a wff,

(s) If Al and B are wffs. 4hen (AVB), (ANS),(n-8)
ond (ADB) -

W) H A B wfad Xl a many vaviable. 4hen ) A and
($x)p are wfks,

(5)- OnLﬁ those tovmulas obtalred b& ugr"nﬁ (N 10y J wtts
WHfs ave conshutted using the following rules;

| ue omd Fals ave wffs-

Q. Foch propolitional wonstant, ond each proposp Lyl
vaviable (e vaviab vaf’smﬁﬂi PopOsItions Jave wiis
3. tach atomic foreula (ie. o spectfie predica e with

praviables) s o wlf

“ A 8 and ¢ cve wtfs-Then sp ave <A, (ANAR)
(A V8),(A-38), ond (ps5B)

5 T+ X 5 vardable , end A 5 o wff-Ahen $o aye ¥
- and Fx /

Iq;gcampff', s The CQP?-{-QI DF vhginia. s 'chmond.”

% a epechfe propsHion. Hence if o a coff byedlez.
<£_€% B be a Pmc{?pa-l-g name YepYEQer)'Hf? ffbe?rxa blue " amd
let X be @ veiable. Then 00 B an chomfe fprrul meaﬂiﬁ
\x fa blue", -thus ™ is a wi+ &d Rule 3 above. gcd apolyin,
Qules 10 BID- ¥ ABOX R a wff and sp is Jx g ) Then
bcd a.pplﬁfna Lule U, to 1hem ¥x B(X) N 5¥ B(x) js seen
4o bea twff Sfm?fcﬂ’f&/ H R 13 a pralicate name
fvepweeana “be'ng wound' then pix) fe am afomfe
fosroula. fene T8 Q toff. 84 &pp/gfng yUle 4+
P ad pr), i Wff BX) Ne x ) ig o btaingl

it -y g -10/23



11: Tabr,'o,oaa; Karﬂwdr"(‘h"on, [0!’7}7%36,')(7 ' I U

|
: A propostion 95 cold 4 be a ‘7‘@50,0@3 i s
tuth valye %5 T o mcgna ass)'arwmﬂ of Huéh values
to HS  components
Fxarople s The propostion p v <p fs g #mn‘o)o%n

W poposition 13 sofd 4o be o contyadiction i1
Hhs +ruth value 3 F 4oy ona assiﬁ nrmend of hruth
values 4o s components
travple! TThe proposiHon pn—pls a conhadidion
A propostion thert fs nefthey a+am‘z)/c)ﬁg ho¥ a
contad 'edion Pa colled a rof)ﬁnﬁenry,

P =P PY=2P pn=p

T = T 5y
T . T C
- T e
~ T T ~

Tgudvalence  Tmplication:
e soy that the &tatements v and § qre foa ?z‘o//&

equivalent if fheiy truih dobles ave Sdentiiag . oy

exorople the freeth +able 04 op vy,
P9 =Pvg

T 7T T
= —
- .
Tl

b e

shows the —pvg % equivalent 70 P—q # /g
6&9315 shown that the staterpents Y ands aveegu ivalent-
v ol only iy <39 78 a—k)wﬁs/c‘ﬁﬁr

benie-1 -7 '/’-1 .
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2

‘(‘PYPCJ?(CUIPS

pYecJ:o carhive }ng’ C

A predfate ov proposthonal Function fs a stcrtervent-
ontaining vavyiobles: fox Pnstomee “x+2=9" "x /5 Are.
~feern !t Ty 2yt v p fa g prPrme numbet ! aite pYediate,
The tsuth value of +he predivate depenck on he valtye
assigned fo s vaviables. fov Insterm e P we Yeplace x
with I in -he p’f&vl?rahw Y xt2=3"we obtein " 14y -3,
whith is fabe. but H  we yeplate H with 5 we 8#
B+2=7"1 whith 1a true, we vepragent a med?mipb&,
a letHoy Hllowed bg the vavigbles entlsed betwee
Paventhesis ' prx) ¢ Bl xcy) etc- oA n exarnple Loy
PO isa value of x fov uicrh e0x) 19 +ree, a
countevexample fs a value of x for which prx) isfals

O
30. 5 s oM EKWP'C-FOV “xta =g ”( wb}/e_] 'S a
countevexample . =qch vayiable Pn g pYedfeate g
attumed 10 belong 1o O UNiverge of JScourse tod

instomnce ¥n the [DT?O"OW “nis am odol ?m‘p@m”
\n ! Yepyesents om fn#ﬁf’*’;éo The oniverse of Jigcpense

of n 18 the se- of all "”‘L"af”fs' X 19 Amevia!
“we may assume “4hat X fs o human bff’r>8, 80 ™ hig
ase the wniverse of discouvse 95 the set of alf

duumon bffﬂasr
{~ee ¢ Bound Vaviables:

let 5 now turn 1o o vothey i mpPoY+ant -h—)p,'(',
HhiS dietrinetion between free variable a omad

bound voy| gbles,
Hove Q look of the "fc)llowing fovmulo:

Uy b= i——(‘ﬂ . ]L/i 3



|

| ‘ﬂqe -)EIOTS'{' octuvvente of X IS +fsee , wheveas +he secon
and +hPyd  occuvvences of x ave bound . naroel by the fivst
ocurvente of +he quantiffer ¥ The fst and secong
oauyyenes of +he vaviable ¢4 ave alsp bOU"U’gDOmE’/y
by the second octuvven e o f-1he guami; Fev ¥

?nﬁmlig, the  conrept of a bound vaviable cam be

explafned as” Hfollows: Pecall Hhat %uanﬁﬁ"raﬁons ave
8€ne\ralla of dhe Loxm:

Vxy e JFxy
X [MANIXIA (X w A gs(x))) N Hapey (1)

v m within omethey, embedded g uantik cation
A?SU{JOY J1p suth as the xfn wALksex) in OUY exanple.
Then we saﬂ thert M 78 bourg ba +he quamttier of 4y o
embedeed g uemtfieetion |

level quamtifiey .

treve's a full foaral sirutareous definiton of #see
omnd  bound,

I @Omd octuYvence of ey vaiyiable 38 Hree inang |
otomic Lormula. |

9. No ocuvence of cma vervioble 15 bound In Cmﬁ criomic
formulo

8¢ i am occueence of any voriable s bourdd in goy |
in p,then that-some cocuvvenc, Ps bound Pn “Yripsy)
L(kaP) i (LP[Y). mOYfOVf)Y, 'H')CF}‘ SadMmeé OCCU‘Y‘YfDu‘

ts botmd in ¥ Yy and Sy pas well, For ‘"‘ﬁ thosey
Mvaﬂczblet/

l
12

LNy - \313 —;3/13’



 Defes of Tnfecence;- :"'f
“The +wo vules of Tnfevence axe called yules pand T
Dule Pi Pfem75e man(fl be trtoduted af Ormapo?mt ynFhe
devPverion

Pule T+ # formula smany be tokockeed 0 a devikation

?7[ 5 1o fouto C?JCOHLGL lmp).ed b muat one oy moxe of the
P“Sff@clmg formulas the olmwa%oﬁ

Modues ponchs ;

P9
P

0o
Taumloacd [PNtP>91]—g
Modus  pemens -tollen
Y
P39,
'y =P
| Tau—}-oloaa [ﬁ%ﬂ(P—%ﬂ,)J -IP

’-l—}apm‘hrﬁ'c al saﬂoa 1S

P>9
A

v B
| Toul-oloaa f[p»‘)ﬂ})n (9= V]9 (pav)
Disjuncive e,aJloa?Sm

Pva,
=P
ey

Tauﬁ?kow ((PYvgIn~=p)—9g

Loniv—1 , % - }LC/?‘LB



ackhiHon
p

A

Cr PV,

‘Tamh))oﬁa 0= (PvYg)
Simp 1 fection

Png ‘

Y i P
Tmﬁoioaa (PNg) =g

tonyunction
P

A

e PNy,

Taul—olo% (-tpd Ntg)> ) — (engy)
Lesoluton

P VY

7 PYY

Wy @VY
fTau%)oara [tPvg) nt>pyv)] = (pvY)

_:L;q/ufvaleﬂtﬂ lowss
*‘deﬁH-Fa lawns
PnT=p
PVE=P
porinoHon Lawws
PNl =F
PVT=T

VSN 1«‘??) ] ’S-/'Lz



|

tderapotent Lacog
CPAF=P

pPhp =p

Double Ngaerﬁon oo

1 {=5e)=p
wormmutetve Llawg
Py =gnp

Pvd =9 vVvp
@qSSOC?a-ﬁngaw
Cpﬂ%)ﬂT:F”\[%nY)
PV IVY =PV V)
Dibibubive Laws
PNIQVYI= (Png)Iv (P NY)
PV (gNY) = (PVG N (PVY)
De Morgm!s Laws

= (Png) = 5PV 74
| 7 (PvgI= ‘7PI\“‘77/
De N%m?)’/s —
AHbsoyphon  Lowws
PN(Pvy ) =p
PVIPNY)H-p

Nf'ﬁaﬁon Lo &
PA—=P = =

eY7P=T

u\@¥-i,§%.1£/13



consiste ey of PTﬁm?SﬁS‘.‘
consisﬁnudi—
—# set of foxmulas Ht, Hz, - - - HM I8 said to be
tonststent  H +hely corj‘undv‘on has ~the feuth value Tty
Some ass?anmeﬂ of the Hruth values to be afomic amevﬁrg
in Hl.H2, - —, HM.

Neo ns?sfmad

W for every aasianmefﬁ of +he +uth values 1o the
clomic varlables, ot least one of the fovmulas #1, Hy..tm
ts Jalse, so thot +hePr onfunchon So Sl ends: false
then the formulas Hi, H2,- .. Hm ave called /nw rhistt,

A oot of formulas Hi, 4z, - tm g
inonsistent , 1 thefy wwnyunthion inplieg A conadichon
thot Ve HIM HA . oy = pATIR
Tndiect Method of proos-

TIn oter 4o show Ahata conclugion ¢ follows {Oﬂ?‘“ﬁ%’
-Téfom +the Pxfm?ses Hl, H2,- -, Hm, we assume +hcd ¢l
fake ond oncdey #¢ an an cddTHONa) premise - i the pew

ot of premises is inongistont, sothat 45&4 e %Q lontra-
1 50N, 4hen  the QSSUMPHN  thert e

] 18 true does not hol
sionulemeously  with 1 Han

— =~ AHm bej frue,
o
-’Iﬁﬁ?{Of& Cc 5 tue whf’nfvev HiA Hg n r?Hm fa "YUC

Tus, ¢ follas logholly from the premiaes 1), g .. b,
Tcample - Show +he 1 (PNG) Bllpws £1om 7PN 8,
solution.

—

fy m1eng) e assumed pyemige
Ny tw eng T, WD ond E/

1y 3P T, (2X0omd I

fF1y (W) 1en1e P

fuy ) e T, tasamd l)

Steuycls pAap Tel3d, (59 amd L9 boni vt 5 ~17/2.3



Txarnple 9show thart the following premises cve M

?nrongféfen-r.
. Tf qack misses mana tla sses +FH”OU3’7 P Itn ess, #em

he faqils hiﬁé achoo!
20 94 jock falls h?gb achoo!, then he P3 un educated

3, T+ jack Yeads « lo+ OJL books, thenh he °s not—

Y, Jack mieses ffxmy class es ~f-h\rou§h tlless and
Yeads a lo+ of books,

gdlution,
P, Jack. mises many classes.

6 1k Fails h;jh school.

P Jock yeads q lot of books
8t Jact 18 vneducted,

The pemises ate P56,8 38 ~P3750nd Plp
$1% Y P P
7Yy eress P
3nzyi) P8 T, (1ds02) and 1y
SR BN DN O R &

Cjul s) s27€  T.luwnand ER
$1,7,4F [6) PAIR T, (3),(68)and 1]3
$112,4% () Tpyvie T, (bJ)and Elb,
S iy ) 1(PnRY 7, (2)and €9

$aY ¢ta) pne P
S 12w,y aodtenedntione) T, (9,@)amd

sthe vules above cam be Summed tp in +he “follaﬂ??
“rable « he ¢ TOUhIOaLd “column shows how to i oy g

e otorkion of a @aPven xule.
8 L\-ﬂ:\r--l-ﬂﬁx—!%/?_,.’s



;
!P‘mm‘ of comtedetion’, s
| The Eroof ba contvadithon’ 18 alss Enoen a
Teduc%o od absyxdurn. Whith 19 pTObObfy Latin 1o

'Teeluce i+ ‘o \gompvlhmg absuvd”

HE'W'S the 1dea’
| I —fssums that a 8?\;00 pfOPOSJ'hon 1S Urvue
20 Based on hat assumpHon ¥earh +ws ondusion
jhm‘ contredlict eath othey
| Thists based on a classital Fovmal log?c
OOﬂS‘Hu(“hOﬂ known as Modus Tollens: T p ;rnphfg &
emd 0 18 false, then p f3-felse . 7 this case ,© %9
pfopos:hon OF the form (ond not ) whith I O/wdﬁs
é-,tolse p s -the ne&m‘f’on of Hhe fort thot we ay p ﬁ?
"’0 PYOVe cd - Fhe np(?a-{.,on B N0t Frue h en he
icaﬂgmc:l PYOpesrtion must have been tue. - tompors
o e not Yoot stupid “ Hhen —fh%j ave stup?d
Boeanplel-
et prove that dheve s ng lovgest vime
gnumber; 'pﬂme NumbeYs AaYe ifﬁ\fﬁfwé w Hh no Gt
"H‘@@GY diViSOYs ercept T emd ~“hemselves.

]

[v To pYove M Theve 18 NoO lavaeg+ pwme NnuMmbey”’
| ba mkodichon

9 (Nesume! There 1 a [c.paesqL pYime numbey, collifp
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